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Spatial medians, depth funtions and
multivariate Jensen's inequality
ore Baljozovi¢ and Milan Merkle
Abstrat. For any given partial order in a d-dimensional eulidean
spae, under mild regularity assumptions, we show that the intersetion
of losed (generalized) intervals ontaining more than 1/2 of the probabil-
ity mass, is a non-empty ompat interval. This property is shared with
ommon intervals on real line, where the intersetion is the median set of
the underlying probability distribution. So obtained multivariate medians
with respet to a partial order, an be observed as speial ases of enters
of distribution in the sense of type D depth funtions introdued by Y.
Zuo and R. Sering, Ann. Stat., 28 (2000), 461-482. We show that the
halfspae depth funtion an be realized via ompat onvex sets, or, for
example, losed balls, in plae of halfspaes, and disuss strutural prop-
erties of halfspae and related depth funtions and their enters. Among
other things, we prove that, in general, the maximal guaranteed depth
is
1
d+1
. As an appliation of these results, we provide a Jensen's type
inequality for funtions of several variables, with medians in plae of ex-
petations, whih is an extension of the previous work by M. Merkle, Stat.
Prob. Letters, 71 (2005), 277281.
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Spatial medians, depth funtions and multivariate Jensen's
inequality
ore Baljozovi¢ and Milan Merkle
1 Introdution.
To attain any median m of a real valued random variable X, we have to pass
at least half of the population, oming from either side of the real axis, via
the relations
Prob(X ∈ (−∞,m]) ≥ p, Prob(X ∈ [m,+∞)) ≥ 1− p, p =
1
2
. (1.1)
The proportion
1
2 is the largest possible, in the sense that there does not
exist a p > 12 suh that for arbitrary distribution of X there exists m ∈ R
whih satises (1.1). We say that a median is the deepest point with respet
to a given distribution, or a data set. Quantitatively, we may assign a depth
to eah point x ∈ R, aording to the value of a depth funtion
D(x;P ) = inf{P ((−∞, x]), P ([x,+∞))}, P (S) := Prob(X ∈ S), (1.2)
from where we an also see that the funtion D attains its maximum 1/2 in
the set of median points.
The literature devoted to the problem of extension of these observations
to higher dimensions ontains a variety of dierent approahes - see [19℄ or
[27℄ for a omprehensive bibliography. In a high dimensional data set it is
desirable to selet one point, or a set of points that would orrespond to
intuitive notions of "deepest point", "most entral point", or "the enter of
a data set", and an serve as a (best) representative or a referene point of
a distribution or a data set.
The denition (1.2) of a depth funtion inludes a notion of diretion: we
an approah a point x ∈ R from either left or right. The notion of diretion
in R
d
is related to partial order. In this paper we show, among other things,
that with respet to any partial order that satises mild regularity onditions,
1
2there is a well dened median set, in the sense that the depth (to be dened
in Setion 3) of eah point of that median set is at least 1/2. The median
set is always ompat, and an be obtained as an intersetion of a ertain
family of sets.
The median sets dened with respet to a given diretion (i.e., a partial
order) are not ane invariant. On the other hand, Tukey's median, or
halfspae median (rst introdued in [20℄, see also [2℄ or [27℄), whih an
be dened as the set of maximal depth with respet to the depth funtion
(ommonly referred to as the halfspae depth)
D(x;P ) = inf{P (H) | H: any halfspae that ontains x}, (1.3)
is ane invariant, but the maximal depth is not guaranteed to be 1/2. As
a generalization of (1.3), Zuo and Sering in [27℄ oered a general "depth
funtion of type D", whih is dened as
D(x;P, C) = inf{P (C) | x ∈ C ∈ C}, (1.4)
where C is a given olletion of losed sets. A similar onept was introdued
in [18℄. In this paper we observe the funtion (1.4) dened with respet to
arbitrary lass U of open sets in plae of losed sets in C. This slight hange
enables a onsiderable redution of onditions for validity of ertain results,
and yields a olletion of interesting and enlightening examples. We prove
several general results for a lass U under two very mild onditions, and we
show that for eah suh lass, the set of deepest points an be obtained as
the intersetion of a family of sets. It turns out that median sets an be also
obtained as points having the depth not less than 1/2, with a speial hoie
of U . In this paper, by a multidimensional median set we understand only
the set of points with the depth not less than 1/2. It an happen that suh a
set is empty; in general ase we use use the term "enter of the distribution"
for the set of deepest points. These two ases need to be distinguished, as
the orresponding sets have dierent properties.
We show that in general, with the type D depth in R
d
we an be ertain
to nd only point(s) with D(x;P ) ≥ 1/(d+1), and we show that this bound
is the best possible, thus extending a result from [4℄ for the halfspae depth.
Finally, we show that eah depth funtion generated by a family U of
omplements of ompat onvex sets, an be dened in terms of a family
of halfspaes, and we represent the halfspae enter ("Tukey median") via
intersetion of level sets of depth funtions dened with respet to partial
orders. In the last setion, we disuss an analogue of Jensen's inequality
3for funtions of several variables, with medians (or, generally, points in the
enter of distribution) in plae of expetations.
The results presented in this paper are fully general, and hold without
any partiular assumptions about the underlying distribution.
For more details regarding Tukey's median see [3℄, [4℄ and [27℄. The
latter paper and [9℄ give wide-ranging disussion of depth funtions in general
with numerous examples and a summary of further researhes based on the
halfspae depth.
In papers [7, 8℄ the simplial depth funtion was proposed, primarily im-
portant for its orresponding version of multivariate median; also, [8℄ high-
lighted some features the (simplial) depth funtion should fulll.
Numerous other depth funtions have been introdued in the literature
- some of the most relevant are presented in [14℄, [10℄, [11℄, [6℄, [9℄, [27,
28, 29℄, [21℄, [23℄, [24℄, [26℄, [25℄ and referenes therein. There are methods
and tehniques developed espeially for the data sets, see for example, [1℄.
Robustness properties of deepest points based on halfspae depth in ontext
of loation statistis are studied in [2℄.
Other approahes in dening multivariate enters are given in [19℄ (many
of them not related to depth funtions), [13℄, [21℄, [5℄ and referenes therein;
as an be seen, this onept is not at all unambiguous like in the univariate
ase.
Notations. Throughout the paper, R denotes the set of real numbers,
and R is the set R together with ±∞. The symbols Rd and R
d
denote
orresponding d-dimensional eulidean spaes (Points in R
d
are allowed to
have ±∞ as oordinates). In Setion 2, and in the material of later setions
related to intervals, the points in R
d
with d > 1 will be denoted by bold
letters x,y, . . . and their oordinates by xi, yi, . . ., respetively. We say that
the set S ∈ Rd, d ≥ 1 is losed if it is losed in eulidean topology. Hene,
for d = 1, the intervals [a,+∞) or (−∞, a] are losed for any a ∈ R; a
similar remark holds for generalized intervals with d > 1. We will observe
R
d
-valued random variables X, onsidering them as being measurable maps
from some abstrat probability spae (Ω,F ,Prob) to (Rd,Bd, P ). Here Bd
is the Borel sigma-eld on R
d
and P is a probability measure indued on
R
d
by X (the probability distribution of X).
For a random variableX,MedX denotes any of its medians, and {MedX}
denotes the set of all medians. In the same way, we may talk about medians
of a probability distribution P .
42 Multivariate medians.
We start with a harateristi property of univariate median set. Let X be
a random variable with a probability distribution P and let J be any losed
interval with P (J) > 1/2. We will show that J ontains every median of
X. Indeed, if m is a median of X and m 6∈ J , then one of the intervals
(−∞,m] or [m,+∞) is disjoint with J , whih is not possible, sine the sum
of probabilities in both ases is greater than 1. Therefore, the intersetion
⋂
J=[a,b]: P (J)>1/2
J
is nonempty, and it ontains the median set [u, v] of X. Now, observe that
for J2n−1 = (−∞, v +
1
(2n−1) ] and J2n = [u−
1
2n ,+∞), n = 1, 2, . . . we have
that P (Jn) > 1/2 and so
{MedX} = [u, v] =
+∞⋂
n=1
Jn ⊃
⋂
J=[a,b]: P (J)>1/2
J,
whih together with the previous part, shows that
{MedX} =
⋂
J=[a,b]: P (J)>1/2
J (2.1)
The relation (2.1) an be as well taken as a denition of the median
set for a given distribution, and this denition an be extended in a mul-
tidimensional environment if we hoose one of many possible extensions of
the onept of one-dimensional interval. Out of several ones that we may
think of (onvex sets, star-shaped sets, balls and other speial onvex sets),
only intervals with respet to a partial order an do the work, to asertain
non-emptiness of the intersetion at the right hand side of (2.1).
Let  be a partial order in R
d
and let a, b be arbitrary points in R
d
.
We dene a d-dimensional interval [a, b] as the set of points in Rd that are
between a and b:
[a, b] = {x ∈ Rd | a  x  b}
Note that the interval an be an empty set, or a singleton. For the
sake of simpliity, we want all intervals to be topologially losed. The
interval an be norm bounded or norm unbounded; it would be reasonable to
expet intervals with nite "endpoints" to be norm bounded, hene ompat.
Further, we would expet that intervals an be "big" as we wish, to ontain
5any ball or any ompat set. Finally, we expet that bounded (with respet
to partial order) sets posses the least upper bound and greatest lower bound.
To summarize, we assume the following three tehnial onditions:
(I1) Any interval [a, b] is topologially losed, and for any a, b ∈ Rd (i.e.,
with nite oordinates), the interval [a, b] is a ompat set.
(I2) For any ball B ⊂ Rd, there exist a, b ∈ Rd suh that B ⊂ [a, b].
(I3) For any set S whih is bounded from above with a nite point, there
exists a nite supS. For any set S whih is bounded from below with
a nite point, there exists a nite inf S.
Example 2.1. Let K be a losed onvex one in Rd, with vertex at origin,
and suppose that there exists a losed hyperplane pi, suh that pi ∩ K = 0
(that is, K \ {0} is a subset of one of open halfspaes determined by pi).
Dene the relation  by x  y ⇐⇒ y − x ∈ K. The interval is then
[a, b] = {x | x− a ∈ K ∧ b− x ∈ K} = (a+K) ∩ (b−K).
If the endpoints have some oordinates innite, then the interval is either
a+K (if b 6∈ Rd) or b−K (if a 6∈ Rd) or Rd (if neither endpoint is in Rd).
It is not diult to show that  is a partial direted order, and that it
satises onditions (I1)(I3).
The simplest, oordinate-wise ordering, an be obtained with K hosen
to be the orthant with xi ≥ 0, i = 1, . . . , d. Then
x  y ⇐⇒ xi ≤ yi, i = 1, . . . , d. (2.2)
For the sake of illustration, let us note that possible kinds of intervals
with respet to the relation (2.2) inlude:
[(a1, a2), (b1, b2)], [(a1, a2), (b1,+∞)], [(a1, a2), (+∞, b2)],
[(a1, a2), (+∞,+∞)], [(−∞,−∞), (b1, b2)], [(a1,−∞), (+∞, b2)],
where a1, a2, b1, b2 are real numbers. For innite endpoints we use strit
inequalities, for example the last interval above is the set of (x, y) ∈ R2 suh
that a1 ≤ x < +∞ and −∞ < y ≤ b2. The intervals may be empty; for
example, the rst listed interval is empty if a1 > b1 or if a2 > b2.
The following theorem extends the one-dimensional property disussed
in the beginning of this setion.
6Theorem 2.1. Let  be a partial order in R
d
suh that onditions (I1)(I3)
hold. Let P be a probability measure on Rd and let J be a family of intervals
with respet to a partial order , with the property that
P (J) >
1
2
, for eah J ∈ J . (2.3)
Then the intersetion of all intervals from J is a non-empty ompat interval.
The ompat interval laimed in the Theorem 2.1 an be, in analogy to
(2.1), taken as a denition of the median indued by the partial order :
{MedX} =
⋂
J=[a,b]: P
X
(J)>1/2
J, (2.4)
where X is a random variable on Rd and P
X
is its probability distribution.
In what follows, we will omit the subsript if the underlying relation  is
obvious.
It is shown in Appendix (Lemma A.2) that, in the ase of the oordinate-
wise partial order, the haraterization (2.4) is equivalent to a similar har-
aterization given in [12℄. It turns out that, in this ase, the median set
is just the Cartesian produt of oordinate-wise median sets, whih is the
result stated in the form of an example in [18℄.
Theorem 2.2. Let the partial order  in Rd, d > 1, be dened by (2.2),
and let {MedX} be the median set of a random vetor X ∈ Rd, dened with
respet to the partial order . Then
{MedX} = {MedX1} × {MedX2} × · · · × {MedXd} (2.5)
As we already mentioned, for other lasses of sets, the intersetion in
(2.1) is in general empty. However, in the next setion we will see that some
other lasses an also have a non-empty intersetion, but then, instead of
having the measure > 1/2, the sets will generally have to have a greater
measure.
3 Depth funtions.
We start with a olletion of sets V and the olletion U that ontains om-
plements of sets from V, i.e., U = {Sc | S ∈ V}. For eah x ∈ Rd and any
probability measure P on Borel sets of Rd, dene a depth funtion
D(x;P,U) = inf{P (U) | x ∈ U ∈ U}. (3.1)
7The role of V will be lear later in this setion, when we give an alternative
desription of the depth funtion in terms of sets in V.
If for some x, there does not exist any U ∈ U that ontains x, on the
right hand side of (3.1) we have empty set, and then D(x;P,U) = +∞. To
avoid this, we assume that
(C1) for every x ∈ R
d
there is a U ∈ U so that x ∈ U .
Further, a onstant depth funtion does not serve any purpose; to avoid that
situation, we may pose two additional onditions (C2) :
(C ′2) D(x;P,U) > 0 for at least one x ∈ R
d
and
(C ′′2 ) lim
‖x‖→+∞
D(x;P,U) = 0
The ondition (C ′′2 ) was also singled out in [27℄, as a requirement for any
reasonable depth funtion.
Before proeeding further, let us see some examples.
Example 3.1. 1◦ The simplest family U that satises (C1) ontains only
one set - the whole spae R
d
. Here D(x;P,U) = 1 for all x; ondition (C ′′2 )
does not hold. In next three examples, the onditions (C ′2) and (C
′′
2 ) hold
(see Corollary A.1 in Appendix).
2◦ In Rd, d ≥ 2, let V be a family of all losed intervals [a, b] with
respet to the partial order indued by a onvex one, as in Example 2.1. It
is easy to see that for eah point x ∈ Rd, there exists a losed interval V
suh that x 6∈ V ; hene, the ondition (C1) is satised. A partiular ase
of this example is the oordinate-wise partial ordering in R
d
, whih in R
2
yields V ∈ V to be retangles with sides parallel to axes.
3◦ Instead of intervals in previous examples, we an take V ∈ V to be
arbitrary onvex and ompat sets with a property that the olletion V
is losed under translations, and that sets V an be arbitrary "big" (for
example, every ball in R
d
should be ontained in some V ∈ V). Beause
of ompatness and the translation property, for eah x ∈ Rd there exists a
V ∈ V that does not ontain x, and (C1) follows.
4◦ Consider now the lass V of all losed halfspaes. The sets U ∈ U
are then open halfspaes, and then the denition (3.1) of depth funtion
formally diers from Tukey's halfspae depth funtion that requires losed
halfspaes to be in U . However, sine P (U) = limP (Vn), where Vn ⊃ U are
losed halfspaes with boundaries parallel to the boundary of U at eulidean
distane 1/n, it follows that values of D oinide for these two ases. The
ondition (C1) is learly satised.
8We are here interested hiey in nding the set where the funtion D
attains its global maximum, or, more generally, the sets of the form
Sα = Sα(P,U) := {x ∈ R
d | D(x;P,U) ≥ α}, (3.2)
The next Lemma gives a way to nd Sα without evaluation of the depth
funtion.
Lemma 3.1. Let U be any olletion of non-empty sets in Rd, suh that the
ondition (C1) holds. Then, for any probability distribution P ,
Sα(P,U) =
⋂
V ∈V ,P (V )>1−α
V, (3.3)
for any α ∈ (0, 1] suh that there exists a set U ∈ U with P (U) < α; otherwise
Sα = R
d
.
It is instrutive rst to observe Sα in d = 1, as in the next example.
Example 3.2. Let X be a real random variable with the distribution P .
Take V to be the family of all losed intervals in R, and U to be the family
of their omplements. Then, using similar arguments as in the proof of (2.1)
at the beginning of Setion 2, it an be derived that Sα = [qα, Q1−α], where
qα is the smallest quantile of X of order α, and Q1−α is the largest quantile
of X of order 1− α:
qα = inf{t ∈ R | Prob (X ≤ t) ≥ α} and
Q1−α = sup{t ∈ R | Prob (X ≥ t) ≥ α}. (3.4)
For α = 12 , [q 1
2
, Q 1
2
] is the median interval.
In the ase when the family V is onsisted of losed intervals with respet
to a partial order that satises (I1)(I3), it follows from Setion 2 and Lemma
3.1, that the set S1/2 is non-empty, i.e. the orresponding depth funtion has
maximum whih is ≥ 1/2, regardless of distribution P . For other families of
V, the guaranteed maximum is smaller.
Example 3.3. Consider the halfspae depth, as in Example 4◦ of 3.1, in R2,
with the probability measure P whih assigns mass 1/3 to points A(0, 1),
B(−1, 0) and C(1, 0) in the plane. Eah point x in the losed triangle ABC
has D(x) = 13 ; points outside of the triangle have D(x) = 0. So, the funtion
D reahes its maximum value 13 .
9Let us now observe the same distribution, but with depth funtion dened
with the family V of losed disks. The intersetion of all losed disks V with
P (V ) > 2/3 is, in fat, the intersetion of all disks that ontain all three
points A,B,C, and that is the losed triangle ABC. For any ε > 0, a dis
V with P (V ) > 2/3 − ε may ontain only two of points A,B,C, but then
it is easy to see that the family of all suh diss has the empty intersetion.
Therefore, Sα is non-empty for α ≤ 1/3, and again, the funtion D attains
its maximum value 1/3 at the points of losed triangle ABC.
If the depth funtion is dened in terms of retangles with sides parallel
to oordinate axes, then the maximum depth is 2/3 and it is attained at
(0, 0). This onlusion follows immediately from Theorem 2.2.
If αm is the maximum value of D(x;P,U) for a given distribution P , the
set Sαm , i.e., the set of deepest points with respet to P , is alled the enter
of the distribution P , and will be denoted by C(P,U).
In the next theorem, we disuss some properties of the enter, in the ase
when sets in U are open. A similar result for the family U of losed sets was
obtained in [27, Theorem 2.11℄, but under more restritive assumptions.
Theorem 3.1. Let V be a olletion of losed subsets of Rd, and let U be
the olletion of sets V c, V ∈ V, suh that the ondition (C1) holds. Then,
for arbitrary probability measure P , the funtion x 7→ D(x;P,U) is upper
semiontinuos. Moreover, under onditions (C2), the set C(P,U) on whih
D reahes its maximum is equal to the minimal nonempty set Sα, that is,
C(P,U) =
⋂
α:Sα 6=∅
Sα(P,U).
The set C(P,U) is a non-empty ompat set and it has the following repre-
sentation:
C(P,U) =
⋂
V ∈V ,P (V )>1−αm
V, where αm = maxx∈Rd D(x;P,U). (3.5)
4 Equivalene of depth funtions.
We already notied that the depth funtions with U being all open or all
losed halfspaes, have the same value at every point. So, it is possible that
two dierent lasses of sets in plae of U generate the same depth funtion.
In the next theorem we give a suient ondition for the equivalene of two
depth funtions.
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Theorem 4.1. Let A and B be families of subsets of Rd. Suppose that the
ondition (C1) holds for at least one of these families, and, in addition, the
following ondition (E):
(E′) For eah A ∈ A, A =
⋃
B∈B,B⊂AB, and
(E′′) For eah B ∈ B, there exists at most ountable olletion of sets Ai ∈
A, suh that A1 ⊇ A2 ⊇ . . . and B =
⋂
iAi.
Then the ondition (C1) holds for both A and B and depth funtion with
respet to both families are equal, with any probability distribution P :
D(x;P,A) = inf{P (A) | x ∈ A ∈ A} = inf{P (B) | x ∈ B ∈ B} = D(x;P,B)
An important appliation of Theorem 4.1 is to establish the equivalene of
depth funtions dened by a family of open sets A ∈ A and their topologial
losures A¯ ∈ B. In this setup, we note that (E) holds in ases when A is
invariant with respet to translations, and onsists of (i) open halfspaes or
(ii) omplements of all losed intervals with any onvex one partial order, as
in example 2.1. Another appliation of Theorem 4.1 will be given in Theorem
5.2.
5 Convex sets and halfspaes.
Suppose that a family U ontains a sequene of nested sets Un that interset
at one point x ∈ Rd. ThenD(x;P,U) = P (x) for any P , whih is undesirable
property. Therefore U should not ontain sets that shrink to a point. A way
to avoid that is to hoose sets in U to be unbounded, or to hoose sets in V
to be bounded.
Further, it is natural to have a onvex enter of distribution, whih is
ahieved (via Theorem 3.1) if sets in V are onvex. With non-onvex sets in
V, and with a disrete distribution P , we an again have that D(x;P,U) =
P (x) for every x ∈ Rd, as shown in the next example.
Example 5.1. In R
2
, let K be the lower half of the rst quadrant, bounded
by halines y = 0 and y = x. Let us onsider the family U of sets that an be
obtained by arbitrary rotations and translations of K. Let V be the family
of omplements of sets in U : sets in V ∈ V are non-onvex.
Suppose that a distribution P is onentrated in six points X1,2(±1, 0),
X3,4(±2, 0), X5,6(0,±1) (as in the Counterexample 2 in [27℄). Then for eah
point x ∈ Rd, there is a set U ∈ U that does not ontain any point of the
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support dierent from x; hene the depth of eah point is P ({x}). With
a spei disrete distribution P , the enter is the point with the greatest
probability mass. If P is uniform aross the Xi, i = 1, . . . , 6, then the
enter is the disrete set {X1, . . . ,X6}. This is in a sharp ontrast with the
halfspae depth funtion, whih in this ase yields the single point enter at
(0, 0), with the maximum depth 12 .
A prototype of depth funtions that we disuss in this setion is a depth
funtion dened with respet to families U of omplements of ompat onvex
sets. In the light of the arguments given above, these requirements are
natural and they are not too restritive (see also Lemma 5.1). Although it
may look that by these requirements we are exluding the halfspae depth
from onsideration, it is not so, as we will see after the Theorem 5.2.
From the material of Setion 2, it follows that the depth funtion based on
a family V of intervals, attains the maximal value of at least 1/2, regardless
of the dimension d. In general, the maximum depth with a family V of
onvex sets, an not be smaller than
1
d+1 . This onlusion follows from the
next theorem, whih is an extension of results in [4℄ and [16℄.
Theorem 5.1. Let P be any probability measure on Borel sets of Rd. Let
V be any family of losed onvex sets in Rd, and let U be the family of
their omplements. Assume that onditions (C1) and (C
′′
2 ) hold. Then the
ondition (C ′2) also holds, and there exists a point x ∈ R
d
with D(x;P,U) ≥
1
d+1 .
The lower bound for D in Theorem 5.1 is the greatest generally possible.
As the next example shows, for the halfspae depth, in any dimension d ≥ 1,
there exist a probability measure P suh that D(x;P,U) ≤ 1d+1 for all x ∈
R
d
.
Example 5.2. This is an extension of the example 3.3. Let A1, . . . , Ad+1 be
points inR
d
suh that they do not belong to the same hyperplane (i.e. to any
ane subspae of dimension less than d), and suppose that P ({Ai}) =
1
d+1
for eah i = 1, 2, . . . , d + 1. Let S be a losed d-dimensional simplex with
verties at A1, . . . , Ad+1, and let x ∈ S. If x is a vertex of S, then there exists
a losed halfspae H suh that x ∈ H and other verties do not belong to H;
thenD(x) = P (H) = 1/(d+1). Otherwise, let Sx be a d-dimensional simplex
with verties in x and d points among A1, . . . , Ad+1 that make together an
anely independent set. Then for Sx and the remaining vertex, say A1, there
exists a separating hyperplane pi suh that pi∩Sx = {x} and A1 6∈ pi (see [15,
Setion 11℄). Let H be a halfspae with boundary pi, that ontains A1. Then
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also D(x) = P (H) = 1/(d+ 1). So, all points x ∈ S have D(x) = 1/(d+ 1).
Points x outside of S have D(x) = 0, whih is easy to see. So, the maximal
depth in this example is exatly 1/(d+ 1).
In fat, if we have a family of ompat onvex sets V that ontain arbi-
trary large sets (in the sense of the following lemma), then it is suient to
assume only ondition (C1), and then (C2) will automatially hold. A nat-
ural way to hoose V would be then, to hoose one ompat onvex shape,
and allow translations (and, possibly, rotations, if we want an ane invariant
depth).
Lemma 5.1. Let V be a family of ompat onvex sets in Rd, and let U be
the family of omplements of sets in V, suh that the ondition (C1) holds.
Suppose that for every losed ball B ∈ Rd there exist a set V ∈ V, suh
that B ⊂ V . Then the family U and the depth funtion D(· ;P,U) satisfy
onditions (C ′2) and (C
′′
2 ), with any probability measure P on R
d
.
In the next theorem, we use the fat that every losed onvex set an
be represented as an intersetion of losed halfspaes (see, for example, [15,
Theorem 11.5℄). This representation is not unique (and we do not need
uniqueness neither in the statement nor in the proof); however, there is a
unique minimal representation of a onvex set as the intersetion of all its
tangent halfspaes [15, Theorem 18.8℄, whih is an intuitive model for the
representation (5.1) below.
Theorem 5.2. Let V be a olletion of losed onvex sets and U the olletion
of omplements of all sets in V. For eah V ∈ V, onsider a representation
V =
⋂
α∈AV
Hα, (5.1)
where Hα are losed subspaes and AV is an index set. Let
HV = {Hcα + x | α ∈ AV , x ∈ R
d}
be the olletion of losures of omplements of halfspaes Hα and their trans-
lations. Further, let
H =
⋃
V ∈V
HV .
If for any H ∈ H there exists at most ountable olletion of sets Vi ∈ V,
suh that
V1 ⊆ V2 ⊆ · · · and
◦
H=
⋃
Vi, (5.2)
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then
D(x;P,U) = D(x;P,H) = D(x;P,
◦
H), for every x ∈ Rd,
where
◦
H is the family of open halfspaes from H.
As a orollary to Theorem 5.2, we an single out two important partiular
ases. Conditions (5.1) and (5.2) in both ases an be easily proved.
Corollary 5.1. a) Let V be the family of losed intervals with respet to the
partial order dened with a onvex one K, as in the Setion 2. Then for
any probability distribution and any x ∈ Rd,
D(x;P,U) = D(x;P,H),
where U is the family of omplements of sets in V and H is the family of all
tangent halfspaes to K, and their translations.
In partiular, if V is the family of intervals with respet to the oordinate-
wise partial order, then the orresponding depth funtion is the same as the
depth funtion generated by halfspaes with borders parallel to the oordinate
hyperplanes.
b) Let H be the family of all losed halfspaes, let Uk be the family of om-
plements of all ompat losed sets, and let Ub be the family of omplements
of losed balls in R
d
. Then
D(x;P,H) = D(x;P,Uk) = D(x;P,Ub),
That is, the Tukey halfspae depth an be realized via omplements of
losed onvex sets or via omplements of losed balls.
The seond part of Corollary 5.1 implies, via Lemma 3.1, that for the
halfspae depth funtion D, we have
Sα = {x ∈ R
d | D(x) ≥ α} =
⋂
K: P (K)>1−α
K =
⋂
B: P (B)>1−α
B, (5.3)
where K are ompat onvex sets, and B are losed balls. The redution to
balls is of the obvious interest in appliations, where we have to nd deepest
points of a high dimensional loud of data.
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6 Ane invariane and another representation of
the halfspae enter of distribution.
A depth funtion D(x;PX ,U) in R
d
is said to be ane invariant, if
D(Ax+b;PAX+b,U) = D(x;PX ,U) for any probability measure P , (6.1)
for any nonsingular d×d matrix A, any b ∈ Rd and x ∈ Rd, where PAX+b is
a probability distribution of a random variable AX + b, X being a random
variable with the distribution PX . From the denition (6.1), it follows that
one suient ondition for ane invariane of D is the ane invariane of U :
If U ∈ U , then AU + b ∈ U , for all A and b. This ondition is satised with
the family U of all halfspaes; hene the halfspae depth is ane invariant.
Due to the fat that the same depth funtion an be generated by dierent
families U , this ondition is not neessary, as the next example shows.
Example 6.1. Let V be the family of all losed diss in R2, and let U
be the family of their omplements. The family U is not ane invariant,
beause the irles transform into ellipses, with a non-orthogonal matrix A.
However, the family of all halfplanes H generates the same depth funtion as
the family U , and so, the depth D(x;P,U) is equivalent to halfspae depth,
hene, it is ane invariant.
For depth funtions that an be generated by a family of halfspaes, the
onditions of ane invariane an be expressed via translation and rotations,
as every halfspae in R
d
an be transformed into another one by one rotation
and one translation. That is, for every two halfspaes H1,H2 ∈ R
d
, there
exists an ane transformation x 7→ Ax + b with A being an orthogonal
matrix, suh that H2 = AH1 + b.
Consider one oordinate system in R
d
, with the orresponding set J
of oordinate-wise intervals. Any rotation ρ of the oordinate system will
produe another family of intervals Jρ. Aording to Theorem 5.2, depth
funtions based on the family ∪ρJρ (where the union goes through all possi-
ble rotations) is equivalent to the halfspae depth funtion. More generally,
we may observe any set of partial orders {ρ} (where ρ belongs to some
index set) that satisfy onditions (I1)-(I3) of Setion 2 suh that the or-
responding families of intervals Jρ (i.e., families Uρ of omplements of sets
from Jρ) together generate the halfspae depth funtion. Let us all suh
set of partial orders omplete. For a given probability distribution P , and a
omplete set of partial orders, let
Sα,ρ = {x ∈ R
d | D(x;P,Uρ) ≥ α} =
⋂
J∈Jρ: P (J)>1−α
J ;
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Sα = {x ∈ R
d | D(x;P,H) ≥ α},
where α ≤ αm, and H is the family of all open halfspaes. Then by om-
pleteness, we have that
Sα =
⋂
ρ
⋂
J∈Jρ: P (J)>1−α
J =
⋂
ρ
Sα,ρ. (6.2)
For α = αm, (6.2) gives another representation of the enter of a distribution,
in terms of sets that are not ane invariant. If we take any nite subset of
partial orders, ρ = 1, . . . , n, then we have
C(P,H) ⊂
n⋂
ρ=1
Sαm,ρ, (6.3)
whih gives an upper bound for the enter of distribution in terms of nitely
many partial orders.
Note that, in general, the sets Sαm,ρ are not enters of the distribution
with respet to ρ; we proved in Setion 2 that there exist median sets
S1/2,ρ. In general, we have that αm < 1/2, and S1/2,ρ ⊂ Sαm,ρ. Median sets
with respet to dierent partial orders may have empty intersetion. For
example, if the distribution is absolutely ontinuous, then every median set
with respet to a oordinate-wise partial order is a singleton; learly by a
rotation of the oordinate system we may obtain dierent singletons.
7 A version of Jensen's inequality.
Let V be a family of losed sets, U the family of omplements of sets from
V and let D(x;P,U) be dened as in previous setions. Let C = C(P,U) be
the enter of a probability measure P in Rd, with αm being the maximum
of the depth funtion. Assume onditions (C1) and (C2).
For a random variable X with the distribution P , the points in the set
C(P,U) an be thought of as a kind of mean values of X, in the same sense
as univariate medians are being thought of. If f is a real valued funtion
dened on R
d
, then the analogous mean value of f(X) are points in the
losed interval [qαm , Q1−αm ], where, by (3.4), qαm is the smallest quantile
of f(X) of order αm, and Q1−αm is the largest quantile of order 1 − αm.
If αm = 1/2, we have the median interval of f(X), and the enter C(P,U)
beomes {MedX}. Let m ∈ {MedX} and M ∈ {Med f(X)}. With analogy
to Jensen's inequality f(EX) ≤ E f(X) for onvex funtions, we may expet
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that f(m) ≤ M for an appropriate lass of funtions f . Indeed, we prove
a result of that kind, for the lass of funtions that are desribed in the
following denition. The name C-funtion is taken from [12℄, where it was
used in a more partiular ontext.
Denition 7.1. A funtion f : Rd 7→ R will be alled a C-funtion with
respet to a given family V of losed subsets of Rd, if f−1((−∞, t]) ∈ V or
is empty set, for every t ∈ R.
Example 7.1. 1◦ If V is the family of all losed onvex sets in Rd, then
the lass of orresponding C-funtions is preisely the lass of lower ontin-
uous quasi-onvex funtions, i.e., funtions f that have the property that
f−1((−∞, t]) is a losed set for any t ∈ R and
f(λx+ (1− λ)y) ≤ max{f(x), f(y)}, λ ∈ [0, 1], x, y ∈ Rd.
This is easy to see, starting from the denition 7.1. In partiular, every
onvex funtion on R
d
is a C-funtion with respet to the lass of all onvex
sets.
2◦ Let D(x) be a halfspae depth funtion. Then it follows from (3.3)
that the sets Sα are onvex, whih implies that the funtion x 7→ 1 −D(x)
is a C-funtion with respet to a family of all losed onvex sets.
3◦A funtion f is a C-funtions with respet to a family of losed intervals
(with respet to some partial order), if and only if
{x ∈ Rd | f(x) ≤ t} = [a, b], for some a, b ∈ Rd , d ≥ 1.
This ondition is not satised for all onvex funtions. For example, in
R
2
, with the oordinate-wise partial order the funtion dened by f(x, y) =
x2 + y2 is onvex, but the sets {(x, y) | x2 + y2 ≤ t} are not intervals.
4◦ In R2, with oordinate-wise intervals, the funtion f dened by
f(x, y) = max{|x− a1| − |x− b1|, |y − a2| − |y − b2|}
is a C-funtion, where a(a1, a2) and b(b1, b2) are given points in R
2
.
5◦ In general, assuming onditions (I1)-(I3), we may dene the depth
funtion D(x) with respet to the lass U of omplements of the given fam-
ily of intervals. Sine the intersetion of losed intervals is again a losed
interval, we see that here also the funtion x 7→ 1−D(x) is a C-funtion.
6◦ Note that, sine we require sets in V to be losed, every C-funtion is
lower semiontinuous.
The next two theorems are versions of Jensen's inequality.
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Theorem 7.1. Let V be a family of losed intervals with respet to a partial
order in R
d
, suh that onditions (I1)(I3) are satised. Let {MedX} be
the median set of a random variable X with respet to the hosen partial
order, and let f be a C-funtion with respet to the family V. Then for every
M ∈ Med {f(X)}, there exists an m ∈ {MedX}, suh that
f(m) ≤M. (7.1)
In partiular, if m or M are unique, then (7.1) holds for any m,M .
In general ase the depth funtion does not neessarily reah the value
of 1/2, and we have only a weaker result:
Theorem 7.2. Let V be a family of losed subsets of Rd, and let U be the
family of their omplements. Assume that onditions (C1) and (C2) hold
with a given probability measure P , indued by a random variable X. Let
αm be the maximum of the depth funtion D(x;P,U), whih is ahieved in
all points of the enter C(P,U) and let f be a C-funtion with respet to V.
Then for every m ∈ C(P,U) we have that
f(m) ≤ Q1−αm , (7.2)
where Q1−αm is the largest quantile of order 1− αm for f(X).
To show that we an not laim anything better in a general ase, onsider
the following example:
Example 7.2. Let A,B,C be non-olinear points in the two dimensional
plane, and letH be the olletion of losed halfplanes. Let l(AB), l(AC), l(BC)
be the lines determined by two indiated points. Let H1 be the losed half-
spae that does not ontain the interior of the triangle ABC and has l(AB)
for its boundary, and let H2 be its omplement. Dene a funtion f by
f(x) = e−d(x,l(AB)) if x ∈ H1 , f(x) = e
d(x,l(AB))
if x ∈ H2,
where d(·, ·) is eulidean distane. Then f(A) = 1, f(B) = 1 and f(C) > 1,
and f is learly a C-funtion with respet to the lass H. Now suppose that
P assigns mass 1/3 to eah of the points A,B,C. Then, by example 3.3,
we know that the enter C(p,H) of this distribution is the set of points of
the triangle ABC, with αm = 1/3. Hene, for m ∈ C(P,H), f(m) takes
all values in [1, f(C)]. On the other hand, quantiles of the order 2/3 are
points in the losed interval [1, f(C)]; hene the most we an state is that
f(m) ≤ f(C), with f(C) being the largest quantile of order 2/3.
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A APPENDIX: PROOFS AND AUXILIARY
RESULTS
In order to prove Theorem 2.1, we need the following lemma.
Lemma A.1. Let  be a partial order in Rd suh that the onditions (I1)
and (I3) hold. Let
J = {Jα | Jα = [a
α, bα], α ∈ A}
be a olletion of losed intervals, where A is an index set. Assume that there
is at least one α suh that aα ∈ Rd (i.e., have all oordinates nite) and at
least one β suh that bβ ∈ Rd. Suppose that Jα ∩ Jβ 6= ∅ for all α, β. Then
(i) aα  bβ, for any α, β ∈ A;
(ii) The intersetion of all sets in J is a non-empty ompat interval [a, b],
with a, b ∈ Rd.
Proof. If intervals [a, b] and [c,d] have a ommon point x, then a  x  b
and c  x  d; hene a  d and c  b. This shows (i). Further, to show
(ii), note that by assumptions and (i), the set {aα, α ∈ A} is bounded from
above with a nite point, and so by (I3), there exists a = supα∈A a
α
. In an
analogous way we onlude that there exists b = infβ∈A b
β
. By properties of
the inmum and supremum, we have that aα  a  b  bα, for all α ∈ A,
so the interval [a, b] is non-empty; it is ompat by assumption (I1), and it
is ontained in all intervals of the family J . On the other hand, any point
c that is ommon for all intervals Jα must be an upper bound for {a
α}
and a lower bound for bα; hene a  c  b, that is, c ∈ [a, b], and (ii) is
proved.
Proof of the Theorem 2.1. It is lear that any two intervals in J
have a non-empty intersetion; besides, by (I2), at least one of the intervals
has nite endpoints. Then the assertion follows by Lemma A.1.
Proof of the Theorem 2.2. To simplify notations, we give the proof
for d = 2; the proof in a general ase is analogous. We have the sequene of
19
relations
{MedX} =
⋂
[a,b]: Prob(X∈[a,b])> 1
2
[a, b]
=
⋂
[a,b]: Prob(X∈[a,b])> 1
2
[a1, b1] ×
⋂
[a,b]: Prob(X∈[a,b])> 1
2
[a2, b2]
⊃
⋂
[a1,b1]: Prob(X1∈[a1,b1])>
1
2
[a1, b1] ×
⋂
[a2,b2]: Prob(X2∈[a2,b2])>
1
2
[a2, b2])
= {MedX1} × {MedX2},
where we used the fat that X1 ∈ [a1, b1] whenever X ∈ [a, b]. On the other
hand, if {MedX1} = [a, b] and {MedX2} = [c, d], then we have that
[a, b]× [c, d] = [a,+∞)×R ∩ (−∞, b]×R ∩R× [c,+∞) ∩R× (−∞, d]
and we note that all four two-dimensional intervals on the right hand side of
the last identity, an be expressed as intersetions of a sequene of intervals
Jn with Prob(X ∈ Jn) > 1/2; for example,
[a,+∞)×R =
+∞⋂
i=n
[a− 1/n,+∞)×R,
and Prob(X ∈ [a−1/n,+∞)×R) > 1/2 beause [a, b] is the median set for
X1. From this we onlude that
{MedX1} × {MedX2} ⊃ {MedX},
and the theorem is proved.
Another result related to the oordinate-wise partial order intervals is
presented in the next lemma. For a given probability measure P , denote by
J the lass of all intervals J with the property that P (J) > 1/2.
In [12℄, the lass I is dened as the family of all losed intervals I ⊂ Rd
(with respet to oordinate-wise partial order) with the following property: If
J is any losed interval (with respet to the same partial order) that ontains
I as a proper subset, then J ∈ J .
In the following lemma, we show that the intersetion of all intervals in
I oinides with the intersetion of all intervals in the lass J , i.e., with the
median set, as it is dened in the present paper. The purpose of this result is
to establish the equivalene between the denition of multivariate medians
in the present work and in [12℄, for the speial ase of oordinate-wise partial
order, whih is onsidered there.
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Lemma A.2. Let I and J be families of intervals as dened above. Then
(i) Eah interval I ∈ I an be represented as I = ∩J∈J ,J⊃IJ ;
(ii) ∩I∈II = ∩J∈J J
Proof. For I ∈ I , let et S(I) =
⋂
J∈J ,J⊃I J . Clearly, I ⊂ S(I). To show
that S(I) ⊂ I, take any x 6∈ I. Sine I is a losed interval, there is another
losed interval J suh that I ⊂ J ⊂ {x}c, where both inlusions are strit,
and thus x 6∈ S(I). This ends the proof of (i). To show (ii), note that if
J ∈ J , then J ∈ I , so J ⊂ I . Hene,
⋂
J∈J
J ⊃
⋂
I∈I
I.
Conversely, by the part (i), we have that
⋂
I∈I
I =
⋂
I
⋂
J∈J ,J⊃I
J =
⋂
J∈J ′
J,
where J ′ ⊂ J , and hene, we onlude that
⋂
I∈I I ⊃
⋂
J∈J J .
Proof of the Lemma 3.1. Evidently, x ∈ Scα if and only if D(x) < α,
i.e., if and only if there exists a set U ∈ U suh that x ∈ U and P (U) < α.
Therefore, if there are U ∈ U with P (U) < α, then
Scα =
⋃
U∈U ,P (U)<α
U, and so, Sα =
⋂
U∈U ,P (U)<α
U c,
whih is equivalent to the assertion that we wanted to prove.
Proof of the Theorem 3.1. Under (C1) and if all sets in V are losed,
the set Sα is losed for every α, via (3.3), and hene, the funtion D is upper
semiontinuous. Under additional onditions (C2), we will show that there
exists at least one α suh that Sα is a nonempty ompat set. Indeed, by
the assumption, there is x ∈ Rd so that D(x) = α0 > 0. On the other hand,
by assumption of onvergene of D(x) to zero as ‖x‖ → +∞, there exists an
R > 0 so that D(x) < α0 for ‖x‖ > R. Therefore, the set Sα0 is nonempty
and norm bounded, and being losed, it is ompat. Then all sets Sα with
α ≥ α0 are ompat, beause Sα ⊂ Sα0 for α ≥ α0. The intersetion of
non-empty ompat nested sets Sα is a non-empty ompat set, and it is
learly the set on whih D reahes its maximum.
21
Proof of Theorem 4.1. Suppose that the stated onditions hold. If
(C1) holds for A, then (E
′) implies that it holds for B. If (C1) holds for B,
then it learly holds for A by (E′′).
Let x ∈ Rd be xed. Then by (E′), for eah A ∈ A that ontains x, there
exists a BA ∈ B suh that x ∈ BA ⊂ A, and, onsequently, P (A) ≥ P (BA).
Therefore,
D(x;P,A) ≥ inf{P (BA) | x ∈ BA ∈ B, A ∈ A}
≥ inf{P (B) | x ∈ B ∈ B} = D(x;P,B)
as the lass of all BA is a subset of the lass of all B ∈ B that may ontain
x. On the other hand, by (E′′), for eah ε > 0 and for eah B ∈ B that
ontains x, there exists AB ∈ A, suh that P (B) ≥ P (AB)− ε. Then
inf{P (B) | x ∈ B ∈ B} ≥ inf{P (AB) | x ∈ AB , AB ∈ A, B ∈ B} − ε
≥ inf{P (A) | x ∈ A ∈ A} − ε = D(x;P,A)− ε,
and sine ε > 0 is arbitrary, we onlude that
D(x;P,B) = inf{P (B) | x ∈ B ∈ B} ≥ D(x;P,A),
whih ends the proof.
The next Lemma is tehnial, and we need it for the proof of Theorem
5.1.
Lemma A.3. Let P be any probability measure on Borel sets of Rd. Let K
be a ompat set in R
d
and let A be a family of losed onvex subsets of K,
with P (A) > dd+1 for every A ∈ A. Then the intersetion of all sets A ∈ A
is a non-empty ompat set.
Proof. If P (Ai) > 1−ε, i = 1, 2, . . ., then it is easy to prove by indution that
P (A1 · · ·An) > 1−nε for n ≥ 2. Therefore, under given assumptions, for any
d+1 sets A1, . . . , An ∈ A, it holds that P (A1 · · ·Ad+1) > 1−(d+1)·
1
d+1 = 0.
Hene, every d + 1 sets of the family A have a non-empty intersetion. By
Helly's intersetion theorem ([17, 12.12.℄), every nite number of onvex sets
in A have a non-empty intersetion. Sine K is ompat, then all sets in A
have a non-empty intersetion (see e.g. [22, Theorem 17.4℄). The intersetion
is ompat sine all sets in A are ompat.
Proof of Theorem 5.1. Let δ ∈ (0, 1) be xed. Assuming that
(C1) holds, we will rst prove that every ompat onvex set K ⊂ R
d
with
P (K) = 1 − δ > 0 ontains a point x with D(x;P,U) ≥ 1−δd+1 . Indeed, let
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ε = 1−δd+1 and suppose, ontrary to the statement, that D(x;P,U) < ε for
every x ∈ K, where K is a ompat set with P (K) = 1 − δ > 0. Then (by
(C1)), for every x ∈ K there exists a Ux ∈ U , suh that P (Ux) < ε. Clearly,
⋃
x∈K
Ux ⊃ K. (A.1)
Let U cx = Vx. Then Vx ∈ V, and by (A.1) it follows that
⋂
x∈K
(Vx ∩K) = ∅ (A.2)
Let us now dene a new probability measure P ∗ on Rd, by
P ∗(B) =
P (B ∩K)
1− δ
, where B ⊂ Rd is a Borel set.
For eah x ∈ K, we have that P (Vx) > 1− ε, and
P (Vx ∩K) > P (Vx) + P (K)− 1 > 1− ε− δ =
d(1− δ)
d+ 1
,
hene P ∗(Vx ∩K) >
d
d+1 . Now by Lemma A.3, we onlude that the family
of sets Vx∩K have non-empty intersetion, whih ontradits (A.2). So, the
statement about ompat onvex sets is proved.
To prove the statement of the Theorem 5.1, note that the statement that
we already proved yields the ondition (C ′2), and, with additional assumption
(C ′′2 ), Theorem 3.1 is appliable. By the rst part of the proof, eah of the
sets
Sn = {x ∈ R
d | D(x;P,U) ≥
1− 1n
d+ 1
}, n = 1, 2, . . .
is non-empty; then their intersetion.
+∞⋂
n=1
Sn = {x ∈ R
d | D(x;P,U) ≥
1
d+ 1
},
is also non-empty, by Theorem 3.1. This ends the proof.
Proof of Lemma 5.1. We rst prove that (C ′′2 ) holds. For a xed
ε > 0, and a given probability measure P , let B1−ε be a losed ball entered
at origin, with P (B1−ε) > 1 − ε. Then, by assumptions, there exists a set
V ∈ V suh that B1−ε ⊂ V . By ompatness, there exists r > 0 suh that
all points x ∈ V satisfy ‖x‖ ≤ r. Therefore, all points x with ‖x‖ > r are
in U = V c, and, sine P (U) = 1 − P (V ) < ε, we onlude that for a given
ε > 0 there exists r > 0 so that D(x;P,U) < ε for all x with ‖x‖ > r, whih
proves (C ′′2 ). Then by Theorem 5.1, the ondition (C
′
2) also holds.
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Corollary A.1. Conditions (C2) hold for examples 2
◦− 4◦ in 3.1, with any
probability measure P .
Proof. For examples 2◦ and 3◦ in 3.1 it is straightforward to hek that
the assumptions of Lemma 5.1 are satised; hene both onditions in (C2)
hold. For the halfspae depth in Example 4◦, we may apply Theorem 5.2,
to onlude that the halfspae depth funtion is the same as the one based
on the family of all ompat onvex sets, whih is the example 3◦.
Proof of Theorem 5.2. Let
◦
H be an open halfspae from
◦
H, and let
H be its losure. Given any x ∈
◦
H, there exists a losed halfspae Hx that
an be obtained by translation of H in suh a way that the border of Hx
ontains x. Then Hx ∈ H and, learly,
◦
H=
⋃
x∈
◦
H
Hx,
whih implies ondition (E′) of Theorem 4.1 with A =
◦
H and B = H. On the
other hand, for any given losed halfspae H ∈ H, there exists a sequene of
halfspaes Hi, obtained from H by translation, suh that
◦
H1⊃
◦
H2⊃ · · · and H = ∩i
◦
Hi,
whih is the ondition (E′′). Therefore, by Theorem 4.1,
D(x;P,H) = D(x;P,
◦
H). (A.3)
Now note that (5.1) gives ondition (E′) for A = U and B =
◦
H (by taking
omplements on both sides); then, as in the proof of Theorem 4.1, we nd
that
D(x;P,U) ≥ D(x;P,
◦
H), (A.4)
for every x ∈ Rd. In the same way, (5.2) gives ondition (E′′) for A = U
and B = H, and so, again as in the proof of 4.1,
D(x;P,U) ≤ D(x;P,H). (A.5)
The statement of the theorem now follows from (A.3), (A.4) and (A.5).
Proof of Theorem 7.2. Let Q = Q1−αm . Then for every ε > 0,
Prob (f(X) ≤ Q+ ε) > 1− αm, and, therefore, the set
Vε = f
−1((−∞, Q+ ε])
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ontains the enter C(P,U). This implies that
f(m) ≤ Q+ ε, for every m ∈ C(P,U) and every ε > 0.
Letting here ε→ 0, we get (7.2).
Proof of Theorem 7.1. From Setions 2 and 3, we know that, in
this ase, the depth funtion reahes its maximum at 1/2; hene, for a given
distribution P , and the orresponding random variable X, we have that
C(P,U) = {MedX}, where the median set is taken with respet to the
given partial order , and {MedX} = [a0, b0] for some a0, b0 ∈ R
d
.
Then, by Theorem 7.2, f(m) ≤ Q1/2, for any m ∈ {MedX}. If, besides
Q1/2, any other median M of f(X) exists, then we have that P (f(X) ≤
M) = 1/2, hene the set VM = {x | f(x) ≤M} has the probability P (VM ) =
1/2. Therefore, VM = [a, b] has a non empty intersetion with any interval
Vα = [a
α, bα] with P (Vα) >
1
2 . Then, as in the proof of Lemma A.1, it follows
that aα  b and a  bα for all α, whih implies, via relations a0 = supα a
α
and b0 = infα b
α
, that
a0  b and a  b0,
hene, [a, b] ∩ [a0, b0] = [a0, b0] 6= ∅. Then the inequality (7.1) holds with
any m ∈ [a0, b0].
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